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We study pure subnormal operators whose self-commutators have zero as an
eigenvalue. We show that various questions in this area are closely related to

questions involving approximation by functions satisfying ∂
2
f = 0 and to the

study of generalized quadrature domains.

First some general results are given that apply to all subnormal operators within
this class; then we consider characterizing the analytic Toeplitz operators, the
Hardy operators and cyclic subnormal operators whose self-commutators have
zero as an eigenvalue.

1 Introduction

The most well understood pure subnormal operator is, undoubtedly, the unilateral shift; in
fact many of its properties are nearly characteristic. That is, other pure subnormal operators
sharing certain properties with the shift are very closely related to it. For instance, up to a
scaling and a translation the unilateral shift is the only pure subnormal operator with rank
one self commutator, see [8].

Subnormal operators with finite rank self commutator have received considerable
attention recently and the cyclic ones are close relatives of the unilateral shift (see [6], [7],
[9], and [14]); in fact, if they have the same spectral properties as the shift, then they are
simply finite dimensional extensions of the shift.

In this paper we take this one step further and consider pure subnormal operators
whose self commutators have zero as an eigenvalue; or equivalently, operators whose self
commutators do not have dense range. One may easily see that this is a larger class of
operators than those with finite rank self-commutator. However one may still expect that
such operators should be “close” to the unilateral shift.

The (pure) cyclic subnormal operators with finite rank self-commutators have a
close connection with quadrature domains. A region G is a quadrature domain if there exists
a meromorphic function S on G, called the Schwarz function, having only finitely many poles



in G, continuous up to the boundary of G and agreeing with z on the boundary of G. For
simply connected regions, an equivalent formulation is that the Riemann map from the unit
disk onto G is a rational function.

One of the important ideas in this paper is the introduction of a new class of
domains, called generalized quadrature domains. A region G is a generalized quadrature
domain if there exists a Nevanlinna function (a quotient of bounded analytic functions) S
on G, called the generalized Schwarz function, that has boundary values (think of the slit
disk, the radial limits from above and below must agree along the slit) that agree with z a.e.
on ∂G. We shall show that there exists (simply connected) generalized quadrature domains
bounded by smooth Jordan curves that are not quadrature domains. Further, we shall see
that the pure cyclic subnormal operators whose self-commutators have zero as an eigenvalue
are closely related to these generalized quadrature domains.

An equivalent way to discuss generalized quadrature domains that avoids boundary
values is in terms of the universal analytic covering maps. We show that a bounded region G
is a generalized quadrature domain if and only if the analytic covering map from the unit disk
onto G has a pseudocontinuation to the exterior of the unit disk. A pseudocontinuation of a
Nevanlinna class function f on the unit disk is a (meromorphic) Nevanlinna class function
F on the exterior of the unit disk such that the nontangential boundary values of f and F
agree a.e. on the circle. This is a standard definition in complex analysis, and first made an
appearance in operator theory in 1970 when Douglas, Shapiro and Shields [5] characterized
the cyclic vectors for the backward shift.

This paper begins, in section 2, by considering general properties of pure subnormal
operators having zero as an eigenvalue for its self commutator. We shall see that this implies
that R∞(σ(S), µ) + zR∞(σ(S), µ) is not weak* dense in L∞(µ); where µ is a scalar valued
spectral measure for S and R∞(K,µ) denotes the weak* closure, in L∞(µ), of the rational
functions with poles off K.

In particular, it follows that if S is a pure subnormal operator and 0 ∈ σp([S∗, S]),
then σ(S) has nonempty interior.

We also characterize the scalar valued spectral measures (svsm) of pure subnormal
operators S having 0 ∈ σp([S∗, S]). They are those measures µ such that P∞(µ) has no L∞

summand and P∞(µ) + zP∞(µ) is not weak* dense in L∞(µ); where P∞(µ) denotes the
weak* closure of the (analytic) polynomials in L∞(µ).

A part of an operator S is S restricted to an invariant subspace. We shall also
consider pure subnormal operators S such that every part of S has zero as an eigenvalue for its
self commutator. By comparison, this implies that for every positive integer n, R∞(σ(S), µ)+
zR∞(σ(S), µ) + · · · + znR∞(σ(S), µ) is not weak* dense in L∞(µ), where µ = svsmS. For
example, the unilateral shift has this property. We shall see that if every part of S has
zero as an eigenvalue for its self commutator, then the normal spectrum of S, σn(S), has no
interior.

In the remainder of the paper we consider special classes of subnormal operators.
In section 3 we consider analytic Toeplitz operators on H2. For f ∈ H∞(D), let Tf denote
the corresponding Toeplitz operator on H2(D). It is well known that Tf has finite rank self
commutator if and only if f is a rational function. We shall show that Tf has zero as an



eigenvalue for its self commutator if and only if f has a pseudocontinuation to the exterior
of the unit disk.

In section 4 we determine when the operators SG = Mz on H2(G) have zero as an
eigenvalue for their self-commutators. We shall show that for an arbitrary bounded region
G, zero is an eigenvalue for the self-commutator of SG if and only if the universal covering
map from the unit disk onto G has a pseudocontinuation; that is, precisely when G is a
generalized quadrature domain.

We obtain partial results in section 5 on characterizing the irreducible cyclic sub-
normal operators having zero as an eigenvalue for their self commutator. In [6], [7], [9], and
[14] it was shown that if S is an irreducible cyclic subnormal operator and G is the set of
analytic bounded point evaluations for S, then S has finite rank self-commutator if and only
if G is a quadrature domain and S is a finite dimensional extension of SG = Mz on H2(G).
Thus the natural conjecture is that zero is an eigenvalue for the self-commutator of S if and
only if G is a generalized quadrature domain and S is an arbitrary extension of SG = Mz on
H2(G). Although these extensions are understood, the question remains unsolved in general.

However, it is shown that if S = Mz on P 2(µ) is an irreducible cyclic subnormal
operator, G is the set of analytic bounded point evaluations for S, and there is a non-
zero Nevanlinna class function in ker[S∗, S], then G is a generalized quadrature domain.
Conversely, if G is a generalized quadrature domain and µ|G is a discrete measure whose
atoms form an H∞(G) zero set, then ker[S∗, S] contains a bounded function.

In what follows all Hilbert spaces are separable and complex. If S is a subnormal
operator, then mneS denotes the minimal normal extension of S and svsmS denotes the
scalar valued spectral measure of S. The self-commutator of S, denoted by [S∗, S], is the
self-adjoint operator S∗S − SS∗. For other standard results, terminology and notation see
Conway [4].

2 General Subnormal Operators

In this section we present some general results that apply to any pure subnormal operator
S with 0 ∈ σp([S∗, S]). The first result is well known and fundamental in what follows.

PROPOSITION 2.1. If S is a subnormal operator on H and N = mneS on K, then

ker[S∗, S] = {h ∈ H : N∗h ∈ H}.

In particular, ker[S∗, S] is invariant for any operator on H that lifts to the commutant of
N .

Proof. If N =

[
S X
0 T ∗

]
with respect to H ⊕ H⊥, then a matrix computation gives that

[S∗, S] = XX∗. So ker[S∗, S] = kerX∗, but X∗ = P⊥N∗|H where P is the projection
of K onto H. It follows that kerX∗ = {h ∈ H : N∗h ∈ H}. If A is an operator on
K that commutes with N and leaves H invariant, then A also commutes with N∗. So if
h ∈ ker[S∗, S], then N∗Ah = AN∗h ∈ AH ⊆ H. Thus, Ah ∈ ker[S∗, S]. Hence A leaves
ker[S∗, S] invariant.



COROLLARY 2.2. If S is a subnormal operator, M ∈ LatS and T = S|M, then
ker[T ∗, T ] ⊆ ker[S∗, S].

Proof. Simply note that if N = mneS, then mneT is N restricted to a reducing subspace.
Thus ker[T ∗, T ] = {h ∈M : N∗h ∈M} ⊆ {h ∈ H : N∗h ∈ H} = ker[S∗, S].

It follows that if S is a subnormal extension of T and 0 ∈ σp([T
∗, T ]), then also

0 ∈ σp([S∗, S]). Let P 2(µ) be the closure of the polynomials in L2(µ).

EXAMPLE 2.3. The following operators have zero as an eigenvalue for their self commu-
tators.

(a) Operators with finite rank self commutators.

(b) Quasinormal Operators.

(c) Sµ = Mz on P 2(µ) where µ is arc length measure on ∂D plus a weighted sum of
point masses at points in D that form a Blaschke sequence.

In section 4 we shall characterize the bounded regions G such that Mz on H2(G)
has zero as an eigenvalue for its self commutator. They are those regions such that the
universal covering map has a pseudocontinuation. However, in contrast, if G is a bounded
region, then zero is not an eigenvalue for the self commutator of the Bergman operator over
G. This follows easily from Proposition 2.1.

We now observe that the question of whether or not zero is an eigenvalue for [S∗, S]
is equivalent to an approximation problem.

PROPOSITION 2.4. If S is a pure subnormal operator on H and N = mneS on K, then
[S∗, S] is one–to–one if and only if N(H⊥) +H⊥ is dense in K.

Proof. Simply observe that {N(H⊥) + H⊥}⊥ = {h ∈ H : N∗h ∈ H} and apply Proposi-
tion 2.1.

Let R(K), R∞(K,µ) and R2(K,µ) denote the uniform, weak*, and L2(µ) closure of
the rational functions with poles off K. If S is a subnormal operator on H and N = mneS,
then dualS = N∗|H⊥.

COROLLARY 2.5. If S = Mz on R2(K,µ) is a pure rationally cyclic subnormal operator
and T = dualS, then the following hold:

(a) 0 ∈ σp([S∗, S]) if and only if zR2(K,µ)⊥ +R2(K,µ)⊥ is not dense in L2(µ);

(b) 0 ∈ σp([T ∗, T ]) if and only if zR2(K,µ) +R2(K,µ) is not dense in L2(µ).

PROPOSITION 2.6. Let S be a pure subnormal operator on H and µ = svsmS. If
0 ∈ σp([S∗, S]), then zR∞(σ(S), µ) +R∞(σ(S), µ) is not weak* dense in L∞(µ).

Proof. LetN = mneS. By Proposition 2.1, there is a vector h ∈ H such thatN∗h ∈ H. Now,
if f ∈ zR∞(σ(S), µ) + R∞(σ(S), µ), then f(N)h ∈ H. So, if zR∞(σ(S), µ) + R∞(σ(S), µ)
is weak* dense in L∞(µ), then cl{f(N)h : f ∈ zR∞(σ(S), µ) + R∞(σ(S), µ)} would be a
reducing subspace for N that is contained in H, contradicting the purity of S.



We shall see later that there are some rather natural measures, such as arc length
measure on certain Jordan curves, for which the above space is weak* dense in L∞. Although
the above result is quite simple, it has the following surprising consequence.

COROLLARY 2.7. If S is a pure subnormal operator and 0 ∈ σp([S∗, S]), then σ(S) has
nonempty interior.

Proof. By a result of Trent and Wang [13], if K is a compact set with no interior, then
zR(K) +R(K) is uniformly dense in C(K).

For example if the spectrum of S is a swiss cheese, then [S∗, S] is one–to–one. Notice
though, that there are quasinormal operators S (they always have 0 ∈ σp([S∗, S])) such that
σ(S) = σap(S). Hence the interior of σ(S) need not be residual spectrum.

We now characterize the scalar valued spectral measures of pure subnormal opera-
tors whose self commutators have zero as an eigenvalue. Let P∞(µ) denote the weak* closure
of the polynomials in L∞(µ).

THEOREM 2.8. If µ is a positive compactly supported Borel measure in C, then there is
a pure subnormal operator S such that 0 ∈ σp([S∗, S]) and svsmS = µ if and only if P∞(µ)
has no L∞ summand and zP∞(µ) + P∞(µ) is not weak* dense in L∞(µ).

Proof. One direction follows from Proposition 2.6. So, assume that P∞(µ) has no L∞

summand and zP∞(µ) + P∞(µ) is not weak* dense in L∞(µ).
Special Case: Suppose zP∞(µ) + P∞(µ) has no L∞ summand.
In this case, Chaumat’s Lemma (see Conway [4], p. 246) implies that there is a

function f ∈ L1(µ) such that |f | > 0 µ a.e. and f ⊥ zP∞(µ) + P∞(µ). Write f = gh where
g, h ∈ L2(µ). Now let S = Mz on H where H = cl[{zP∞(µ) + P∞(µ)}g] (closure in L2(µ)).
It follows that S is a subnormal operator and clearly the self commutator is not one–to–one
(g is in the kernel). Furthermore, as g is ”never zero” we have that µ = svsmS. Also, since
h is ”never zero” and h ⊥ H, S is pure.

General Case: Since P∞(µ) has no L∞ summand there is an equivalent measure ν
such that Sν = Mz on P 2(ν) is pure (see Conway [4], p. 87). Again using Chaumat’s Lemma,
there exists an f ∈ L1(µ) that annihilates zP∞(µ) + P∞(µ) and has the property that if
g ∈ L1(µ) and g annihilates zP∞(µ) + P∞(µ), then |g|dµ¿ |f |dµ. Let ∆ = {x : f(x) 6= 0}
and let µ1 = µ|∆. Thus, zP∞(µ1)+P∞(µ1) has no L∞ summand. Hence by the special case
above, there is a pure subnormal operator S1 such that svsmS1 = µ1 and 0 ∈ σp([S∗1 , S1]).
Now, let S = S1⊕Sν . Clearly, S is a pure subnormal operator and svsmS = µ. Furthermore
it follows from Corollary 2.2 that 0 ∈ σp([S∗, S]).

EXAMPLE 2.9. If µ = m|∂D + ν where m is arc length measure on ∂D and ν is any
finite Borel measure carried by D, then there is a pure subnormal operator S such that
0 ∈ σp([S∗, S]) and svsmS = µ.

Proof. We shall apply Theorem 2.8. It is clear that P∞(µ) = H∞(D). Also, zP∞(µ)+P∞(µ)
is not weak* dense in L∞(µ), because if it is weak* dense in L∞(µ), then also {zp+ q : p, q
are polynomials } is weak* dense in L∞(µ|∆) for any measurable set ∆. But for the measure
µ, {zp + q : p, q are polynomials } is not weak* dense in L∞(∂D). Thus the Theorem
applies.



The previous proof shows that if µ is any measure on clD such that P∞(µ) = H∞(D)
and µ|∂D is equivalent to arc length measure, then zP∞(µ) + P∞(µ) is not weak* dense in
L∞(µ). This raises an interesting question. If zP∞(µ) +P∞(µ) is weak* dense in L∞(µ) for
some measure µ, then does this place any restrictions on the Sarason Hull of P∞(µ)? The
answer is yes when µ is harmonic measure.

QUESTION 2.10. Is there a measure µ on clD such that P∞(µ) = H∞(D) and zP∞(µ)+
P∞(µ) is weak* dense in L∞(µ) ?

See Proposition 3.4 for some examples of measures where zP∞(µ)+P∞(µ) is weak*
dense in L∞(µ).

We now consider subnormal operators S such that every part of S has zero as an
eigenvalue for its self-commutator. That is, we want to consider those subnormal operators
S, such that if M is any invariant subspace for S and T = S|M, then zero is an eigenvalue
for [T ∗, T ].

If U is the Unilateral shift and B is the Bergman shift, then S = U ⊕ B is a
subnormal operator such that zero is an eigenvalue for [S∗, S], yet not every part of S has
this property. We shall give an example of an irreducible subnormal operator with this
property shortly; see Example 2.16.

EXAMPLE 2.11. If µ = m +
∑∞

k=1 wkδak ; where m is Lebesgue measure on ∂D, {ak}
is a Blaschke sequence in D, wk > 0 and

∑∞
k=1 wk < ∞, then Sµ = Mz on P 2(µ) is a

pure subnormal operator such that every part of Sµ has zero as an eigenvalue for its self-
commutator.

Proof. If B(z) is the Blaschke product associated with {ak} and f(z) = zB(z), then f ∈
ker[S∗µ, Sµ] and f ∈ P 2(µ) ∩ L∞(µ) = H∞(D). If M is any non-trivial invariant subspace
for Sµ and g ∈ M is a non-zero function, then fg ∈ ker[T ∗, T ], where T = Sµ|M. This
follows because both f and zf belong to H∞(D), and M is invariant under multiplication
by functions in H∞(D). Thus, fg ∈M and zfg ∈M.

PROPOSITION 2.12. Let S be a pure subnormal operator on H with mneS = N . If
every part of S has zero as an eigenvalue for its self-commutator, then for each positive
integer n, there exists a vector h ∈ H such that N∗kh ∈ H for all k satisfying 0 ≤ k ≤ n.

Proof. Proceeding by induction, for n = 1 simply apply Proposition 2.1. Now suppose the
result is true for n = n0; we must show it to be true for n = n0 + 1. So, suppose there is an
h ∈ H with N∗kh ∈ H for all 0 ≤ k ≤ n0. Let M be the invariant subspace for S generated
by h. Set T = S|M. Since T is a part of S, 0 ∈ σp([T ∗, T ]). So, by Proposition 2.1, there
exists a (non-zero) vector g ∈ M with N∗g ∈ M. Also notice that for every vector x ∈ M,
it follows that N∗kx ∈ H for all 0 ≤ k ≤ n0. So, as N∗g ∈ M, we have that N∗kg ∈ H for
all k with 0 ≤ k ≤ n0 + 1. Thus the result follows.

This leads to a nice function theoretic property. It should be compared with Propo-
sition 2.6; since its proof is similar we shall leave it to the reader.



COROLLARY 2.13. Let S be a pure subnormal operator and µ = svsmS. If every part
of S has zero as an eigenvalue for its self-commutator, then for each positive integer n,
R∞(σ(S), µ) + zR∞(σ(S), µ) + · · ·+ znR∞(σ(S), µ) is not weak* dense in L∞(µ).

We now prove a basic result for cyclic operators; cyclic operators will be considered
in more detail in section 5. If S is a pure cyclic subnormal operator, then S = Mz on P 2(µ),
the closure of the polynomials in L2(µ), for some compactly supported Borel measure µ
on C. Let G denote the set of analytic bounded point evaluations (abpe) for S. Also, let
supp(µ) denote the support of the measure µ.

THEOREM 2.14. If S is a pure cyclic subnormal operator, G = abpe(S) and 0 ∈ σp([S∗, S]),
then:

(a) Each compact set K ⊆ supp(µ) ∩G satisfies P (K) = C(K);

(b) For each r > 0, supp(µ) ∩G ∩ {z : |z| = r} is discrete in G.

Proof. (a) If f ∈ ker[S∗, S], then by Proposition 2.1, zf ∈ P 2(µ). Let K ⊆ supp(µ) ∩ G
be compact. Choose a simply connected region G1 that contains K and whose closure in
contained in G. This can be done since G is simply connected (use a Riemann map). If f̂

denotes the analytic extension of f to G, then we have ˆ(zf) = zf = zf̂ µ a.e. on G. Since
f̂ is analytic on G and cl(G1) is compactly contained in G, f̂ has only a finite number of

zeros on cl(G1). Further, each of these is a zero of ˆ(zf). Hence g = ˆ(zf)/f̂ is analytic on
G1. Thus, since G1 is simply connected, g ∈ P (K). But g = z on K, so z ∈ P (K). Thus,
P (K) = C(K).

(b) Keeping the same notation, notice that zg(z) is meromorphic on G and constant
on supp(µ) ∩G ∩ {z : |z| = r} for each r > 0. Hence this set must be discrete in G; that is,
every limit point must lie in ∂G.

The previous result says that if zero is an eigenvalue for the self commutator of
a pure cyclic subnormal operator S, then supp(µ) ∩ G cannot be to large. For example,
it cannot have any interior points. In fact (b) implies that the Hausdorff dimension of
supp(µ)∩G is at most one. In particular it has area zero. We now present a nice application
of this result.

Let σn(S) denote the normal spectrum of S; that is, the spectrum of mneS.

PROPOSITION 2.15. If S is a pure subnormal operator and every part of S has zero as
an eigenvalue for its self-commutator, then σn(S) has no interior.

Proof. Suppose that S acts on H and N = mneS. Let h ∈ H be a separating vector for N
(see Conway [4], p. 249). LetM be the invariant subspace for S generated by h. Thus, S|M
is a pure cyclic subnormal operator that has zero as an eigenvalue for its self-commutator.
Hence Theorem 2.14 implies that σn(S|M) has no interior. However, since h is a separating
vector, svsm(S|M) ≈ svsm(S). Thus σn(S) = σn(S|M). So, σn(S) has no interior.



Observe that Proposition 2.15 applies to some quasinormal operators. Implying
that while they all have zero as an eigenvalue for their self commutators. Some quasinormal
operators do not have the property that each of its parts has zero as an eigenvalue for its
self commutator. One easily checks that the unilateral shift does have this property.

EXAMPLE 2.16. If B is the Bergman shift and S = dualB, then S is irreducible, 0 ∈
σp([S

∗, S]), but not every part of S has zero as an eigenvalue for its self-commutator.

Proof. It is known that S is irreducible (see Conway [3]). It is easy to check that zL2
a(D) +

L2
a(D) is not dense in L2(D), since z2 is orthogonal to it. Thus, Corollary 2.5 implies that

0 ∈ σp([S∗, S]). Since σn(S) = clD, Proposition 2.15 says that not every part of S has zero
as an eigenvalue for its self-commutator.

COROLLARY 2.17. If S is a pure subnormal operator and every part of S has zero as
an eigenvalue for its self-commutator, then σ(S) 6= σap(S).

Proof. Since 0 ∈ σp([S∗, S]), Corollary 2.7 says that σ(S) has nonempty interior. However,
σap(S) ⊆ σn(S) and σn(S) has no interior by Proposition 2.15. Hence σ(S) 6= σap(S).

3 Analytic Toeplitz Operators

In this section we shall consider the question, when does Tf , the analytic Toeplitz operator
on H2(D), have zero as an eigenvalue for its self-commutator. We shall use the results of
Section 2 to relate this to an approximation problem on the circle and also to the classical
notion of pseudocontinuation.

Recall that if f is a Nevanlinna function on D, then f has a pseudocontinuation
(to the exterior of the disk) if there exists a (meromorophic) Nevanlinna function F on
{z : |z| > 1} ∪ {∞} such that the radial limits of f and F agree a.e. on the unit circle. If
g is a function, then g∗ is defined by g∗(z) = g(1/z). Thus, if F is defined on the exterior
disk, then F is Nevanlinna function if and only if F ∗ is a Nevanlinna function on the disk. If
K is a compact set, then P (K) denotes the uniform closure of the polynomials on K. Thus,
P (∂D) may be identified with the disk algebra. The following is our main theorem for this
section.

THEOREM 3.1. If f ∈ H∞(D), then the following are equivalent:

(a) 0 ∈ σp([T ∗f , Tf ]);

(b) 0 ∈ σp([S∗, S]) where S = dual(Tf );

(c) f has a pseudocontinuation;

(d) f ⊥M for some invariant subspace M of the Unilateral shift;

(e) H2 + f̄H2 is not dense in L2(∂D);

(f) H∞ + f̄H∞ is not weak* dense in L∞(∂D);

If f is continuous on ∂D, then the above are equivalent to:



(g) P (∂D) + fP (∂D) is not uniformly dense in C(∂D).

Proof. We first show (a)⇔ (c). If g ∈ ker[T ∗f , Tf ] and g 6= 0, then by Proposition 2.1 we have

that there is a function h ∈ H2 such that fg = h a.e. on ∂D. So, h/g is a Nevanlinna class
function on D whose boundary values agree with those of f . Hence h∗/g∗ is a Nevanlinna
function on C∞ − clD whose boundary values agree a.e. with those of f . So, h∗/g∗ is a
pseudocontinuation of f .

Now suppose f has a pseudocontinuation F . If F = g/h where g and h are bounded
analytic functions on C∞ − clD, then g∗/h∗ is a Nevanlinna function on D whose boundary
values agree a.e. with those of f Hence, fh∗ = g∗ a.e. on the circle. Thus, fh∗ ∈ H2. So,
by Proposition 2.1 we see that h ∈ ker[T ∗f , Tf ].

(a)⇔ (b). It is known that dual(Tf ) ∼= Tf# , where f#(z) = (f(z) (see Conway [3]).
Now simply observe that f has a pseudocontinuation if and only if f# does also.

(b) ⇔ (e). This follows immediately from Proposition 2.4.
(e) ⇒ (f) ⇒ (g). These are obvious.
(g) ⇒ (c). Here we will assume that f is continuous on clD. If this is not the case,

then a similar proof shows that (f) ⇒ (c). If P (∂D) + fP (∂D) is not uniformly dense in
C(∂D), then there is a non-zero measure ν on ∂D such that ν ⊥ {P (∂D) + fP (∂D)}. Since
ν ⊥ P (∂D), the F. & M. Riesz Theorem says that ν ¿ m, where m is arc length measure
on the circle, and dν/dm ∈ H1. So, there exists an h ∈ H1 with ν = hdm. Now also,
ν ⊥ fP (∂D). So, 0 =

∫
znfdν =

∫
znfhdm, for all n ≥ 0. Thus, fh ∈ H1. So, let g ∈ H1

be such that fh = g a.e. on ∂D. Thus, g/h is a Nevanlinna function on D that agrees with
f a.e. on ∂D. Hence g∗/h∗ is the required pseudocontinuation of f .

Thus (a) thru (c) and (e) thru (g) are all equivalent. The fact that (c) and (d)
are equivalent first appeared in Douglas, Shapiro and Shields [5]. We include the following
simple proof.

(a) ⇔ (d). Simply observe that if f ⊥ M for some shift invariant subspace M,
then M ⊆ ker[T ∗f , Tf ]. Also a simple computation gives that f ⊥ zker[T ∗f , Tf ], and this
latter space in invariant for the Unilateral shift by Proposition 2.1.

It is an unsolved problem to characterize the compact sets K such that zP (K) +
P (K) is uniformly dense in C(K). The following result solves this problem for Jordan curves.

COROLLARY 3.2. If Γ is a Jordan curve, G = insΓ, and ω is harmonic measure for
some point a ∈ G, then the following are equivalent:

(a) zP (Γ) + P (Γ) is uniformly dense in C(Γ);

(b) zP∞(ω) + P∞(ω) is weak* dense in L∞(ω);

(c) zP 2(ω) + P 2(ω) is dense in L2(ω);

(d) The Riemann map of D onto G does not have a pseudocontinuation.

Proof. Let f : D → G be a Riemann map with f(0) = a. Since Γ = ∂G is a Jordan curve,
f extends to a homeomorphism of clD onto clG. Thus composition with f is an isometry
from the appropriate function space on ∂G onto the corresponding space on ∂D. Thus, we
may apply Theorem 3.1.



COROLLARY 3.3. If f ∈ P (∂D), then the following are equivalent:

(a) P (∂D) + fP (∂D) is uniformly dense in C(∂D).

(b) P (∂D) + fP (∂D) + · · ·+ f
n
P (∂D) is uniformly dense in C(∂D) for some n ≥ 1.

Proof. One direction is clear. So, suppose that P (∂D)+fP (∂D)+· · ·+fnP (∂D) is uniformly
dense in C(∂D) for some n ≥ 1. Consider the analytic Toeplitz operator Tf . We claim that
[T ∗f , Tf ] is one-to-one. If not, then ker[T ∗f , Tf ] is an invariant subspace for the Unilateral
shift; see Proposition 2.1. Thus Beurling’s Theorem implies that there exists a bounded
function in ker[T ∗f , Tf ], call it g. Hence it follows from Proposition 2.1 that gn ∈ H2 and

f
k
gn ∈ H2 for all 0 ≤ k ≤ n. In particular, if h ∈ P (∂D) + fP (∂D) + · · · + f

n
P (∂D), then

it follows easily that hgn ∈ H2. Thus, upon taking limits, we see that hgn ∈ H2 for all
h ∈ C(∂D). Clearly this is not true. Hence our claim that [T ∗f , Tf ] is one-to-one is justified.

Thus it follows from Theorem 3.1 that P (∂D) + fP (∂D) is uniformly dense in C(∂D).

It is easy to see that there are also weak* and L2 versions of Corollary 3.3, where
f is not necessarily continuous on the circle.

We now give some examples showing that zP∞(µ) + P∞(µ) can be weak* dense in
L∞(µ). Recall, that a curve is called an algebraic curve if it is the zero set of a polynomial
in z and z. So, for example, circles, ellipses, lines, parabolas etc. are algebraic.

PROPOSITION 3.4. If G is the inside of a Jordan curve and an arc I on ∂G is also an
arc on an algebraic curve Γ, then zP (∂G) + P (∂G) is uniformly dense in C(∂G) provided
that ∂G 6= Γ.

Proof. Suppose that ∂G 6= Γ. We shall make use of Corollary 3.3. Let R be a polynomial
in z and z such that the zero set of R equals Γ. Let n ≥ 1 be the largest power of z that
appears in R. We shall show that P (∂G) + zP (∂G) + · · · + znP (∂G) is dense in C(∂G).
This, together with Corollary 3.3 and a Riemann mapping argument will finish the proof.

So let µ be a measure on ∂G such that µ ⊥ P (∂G)+zP (∂G)+ · · ·+znP (∂G). Let I
be the arc on Γ and on ∂G. So, R = 0 on I, but R is not zero on all of ∂G (because ∂G 6= Γ).
Also, R ∈ P (∂G) + zP (∂G) + · · · znP (∂G), so

∫
pRdµ = 0 for all polynomials p. Observe

that the measure Rdµ is supported on K = cl(∂G− I). Further, K is a polynomially convex
set with no interior. It follows, by Lavrentiev’s Theorem (see [4], p.232) that P (K) = C(K).
Thus Rdµ is the zero measure. That is, |µ| is zero on ∂G ∩ {z : R(z) 6= 0}. Since ∂G 6= Γ,
this latter set is an open subset of ∂G, hence contains an open arc J . Thus, µ is supported
on the compact set ∂G − J and annihilates the polynomials. Hence, again Lavrentiev’s
Theorem implies |µ| = 0 on ∂G− J . Thus µ = 0 and P (∂G) + zP (∂G) + · · ·+ znP (∂G) is
dense in C(∂G).

The above technique even works for certain regions where ∂G is not a Jordan curve.
For example, if G is the upper half of the unit disk with some slits.

The following result is well known, see Douglas, Shapiro and Shields [5], we shall
state it for completeness.



PROPOSITION 3.5. If f is analytic in a neighborhood of clD, then f has a pseudocon-
tinuation if and only if f is a rational function.

The proof essentially says that a pseudocontinuation of f must be a true analytic
continuation of f . Thus together, f and its continuation define a meromorphic function on
the Riemann sphere with only finitely many poles. Hence Liouville’s Theorem implies that
f is a rational function. The next result follows easily from the previous Proposition and
Theorem 3.1.

COROLLARY 3.6. If f is analytic on a neighborhood of clD, then the following are equiv-
alent:

(a) 0 ∈ σp([T ∗f , Tf ]);

(b) [T ∗f , Tf ] is finite rank;

(c) f is a rational function.

We now construct some bounded univalent functions with pseudocontinuations that
are not rational functions. That such functions exist is not to surprising; however, in view
of the previous corollary, it is not obvious.

LEMMA 3.7. If {fn}, f are analytic on {z : |z| < r0}, f is univalent and fn → f uniformly
on compact subsets of {z : |z| < r0}, then for each r < r0, there exists an integer N such
that fn is univalent on {z : |z| < r} for all n ≥ N .

Let {ak} be an infinite Blaschke sequence in D and B(z) the corresponding Blaschke
product with zeros at precisely the points {ak}. Also, let Bn(z) be the Blaschke product
that corresponds to the first n terms of the sequence {ak} (set B0 = 1).

Consider the shift invariant subspace BH2. We want to construct a bounded uni-
valent function orthogonal to this subspace that is not a rational function. Let

hn(z) =
Bn(z)

(1− an+1z)

for n ≥ 0. So, hn is the Blaschke product Bn times the reproducing kernel for the
point an+1.

Using this, it is easy to see that {hn/‖hn‖ : n ≥ 0} is a basis for (BH2)⊥. For
more information on the orthogonal complement of shift invariant subspaces, see Ahern and
Clark [2].

THEOREM 3.8. If {aj} is any infinite Blaschke sequence in D, B is the associated Blaschke
product and k ≥ 1 is an integer, then there is a univalent function φ that is in Ck(clD), or-
thogonal to BH2 and is not a rational function.

For convenience let ‖f‖∞,n = max1≤k≤n‖f (k)‖∞.



Proof. Keeping the above notation, we are going to define inductively a sequence of scalars
{cn} and set φ(z) =

∑∞
n=0 cnhn(z). To begin, let c0 = 1/‖h0‖∞,k. For convenience, we may

suppose that a1 6= 0. Now, let f(z) = c0h0. Notice that f is univalent on the disk centered
at the origin with radius 1/|a1|. If we let fn = f + (1/n)h1, then f and {fn} satisfy the
hypothesis of Lemma 3.7. Hence, for all large n, fn is univalent on some neighborhood of the
closed unit disk. Now, choose n large enough such that fn is univalent on a neighborhood
of the closed unit disk, such that (1/n) < 1/(21‖h1‖∞,k) and such that (1/n) < 1/21. Set
c1 = 1/n for this value of n. For the next step, set f = c0h0 + c1h1 and fn = f + (1/n)h2.
By construction, f is univalent on a neighborhood of the closed unit disk. So, choose n large
enough such that fn is also univalent on a neighborhood of the closed unit disk, such that
(1/n) < 1/(22‖h2‖∞,k) and such that (1/n) < 1/22. Set c2 = 1/n.

Continue in this manner to construct a sequence {cn} such that for each N , if we
set SN(z) =

∑N
n=0 cnhn(z), then SN(z) is univalent on a neighborhood of clD and for each

n we have cn‖hn‖∞,k < 1/2n and cn < 1/2n. Thus it follows that ‖SN‖∞,k ≤ 1. Now define
φ(z) =

∑∞
n=0 cnhn(z).

By construction, the series and its first k derivatives converge uniformly on clD.
Thus φ is an analytic function that is in Ck(clD). Also as the partial sums SN are univalent
in D, either φ is constant or φ is univalent. However we shall see that φ is not constant. Also
by the comments preceding the Theorem, φ ⊥ BH2. Finally, φ is not a rational function
(hence not constant either) else φ would be analytic across the unit circle. However φ does
not continue analytically past any point on the circle where the sequence {aj} clusters.

To see this, recall that the Blaschke product B(z) does converge uniformly on
compact subsets of Ω = C − cl{1/aj}. Thus the partial products Bn(z) are uniformly
bounded on compact subsets of Ω. Since

∑
n cn < ∞, it follows that the series defining

φ actually converges uniformly on compact subsets of Ω. Hence the series defining φ also
defines an analytic extension of φ to Ω. Now it is clear that φ has poles at the points {1/aj},
hence cannot be analytic at any point where these poles cluster.

EXAMPLE 3.9. There exists one-to-one bounded analytic functions smooth up to ∂D with
pseudocontinuations that are not rational functions.

Notice that in Theorem 3.8, by choosing the {ak} appropriately, we may find univa-
lent functions φ smooth up to ∂D with pseudocontinuations that do not continue analytically
past any point on the circle. Or at the other extreme, we may have φ continue analytically
past every point of the circle except one.

M. Putinar and H. Shapiro have shown that there exists a singular inner function
S and a bounded univalent function φ such that φ ⊥ SH2 (private communication). Also,
the author has shown that there exists singular inner functions S such that there are no
bounded univalent functions orthogonal to SH2. However, the following question remains
unanswered.

QUESTION 3.10. For which singular inner functions S, does there exist a bounded uni-
valent function φ such that φ ⊥ SH2 ?



4 The Hardy Operators

If G is a bounded region in C, then let SG = Mz on H2(G). In this section we want to
determine when 0 ∈ σp([S∗G, SG]).

If G is simply connected, then SG is unitarily equivalent to the analytic Toeplitz
operator Tf where f is a Riemann map of D ontoG (and f(0) is the norming point forH2(G)).
Thus, when G is simply connected 0 ∈ σp([S∗G, SG]) if and only if f has a pseudocontinuation.

We want to prove a similar result for arbitrary bounded regions where we replace f
with the universal covering map. If G is a bounded region in C, let φ : D→ G be a universal
analytic covering map. We want to discuss Nevanlinna functions on G and boundary values
of functions on G. The following result is classical.

THEOREM 4.1. Let G be a bounded region in C and φ : D → G an analytic covering
map. If f is a meromorphic function on G, then the following are equivalent:

(a) f is a quotient of bounded analytic functions on G;

(b) Log+|f | has a harmonic majorant;

(c) f ◦ φ is a Nevanlinna function on D.

Thus if f is a meromorphic function on G that satisfies one of the above equivalent
conditions, then we say that f is a Nevanlinna function on G.

If g is a Nevanlinna function on D, then let g∗ denote the radial limit function
on ∂D. We say that a Nevanlinna function f on G has boundary values if there exists a
measurable function f∗ defined a.e. on ∂G with respect to harmonic measure for G such
that f∗ ◦ φ∗ = (f ◦ φ)∗.

Since the radial limits of φ all lie in the boundary of G, this is well defined. An
alternative way to consider boundary values of Nevanlinna functions on G is as follows.
Consider all those points a ∈ ∂D such that φ has a radial limit at a. For each such a, let
[0, a] be the radial line segment ending at a and consider the curves γa = φ([0, a]). The
curves {γa} are hyperbolic geodesics in G and they end on ∂G. In fact a.e. point p (with
respect to harmonic measure) on ∂G has a curve (or several curves) ending at p.

Furthermore, if f is a Nevanlinna function on G, then f has a limit along a.e. curve.
This follows simply because f ◦φ has radial limits a.e. on ∂D. Now, say that f has boundary
values if for a.e. point p ∈ ∂G, f has the same limit along all the curves γa that end at p.
Define this common limiting value to be f ∗(p). This defines a boundary function for f a.e.
on ∂G.

Now, define a regionG to be a generalized quadrature domain if there exists a Nevan-
linna function R on G, called the generalized Schwarz function, such that R has boundary
values, R∗, and R∗(z) = z a.e. on ∂G.

Recall that G is a quadrature domain if there exists a meromorphic function on G
that is continuous up to ∂G and equals z on ∂G; see Aharonov and Shapiro [1] for more
information on quadrature domains.

The following result is the main theorem in this section.



THEOREM 4.2. If G is a bounded region in C and φ : D → G is an analytic covering
map, then the following are equivalent:

(a) 0 ∈ σp([S∗G, SG]);

(b) G is a generalized quadrature domain;

(c) φ has a pseudocontinuation.

Proof. (a) ⇒ (b). If 0 ∈ σp([S∗G, SG]), then as is well known, SG is unitarily equivalent to
multiplication by φ, Mφ, on the subspaceM consisting of all functions in H2(D) automorphic
with respect to the group of covering transformations. Thus, if 0 ∈ σp([S∗G, SG]), then there
exists a functions g, h ∈ M such that φh = g a.e. on the circle. Thus, g/h is a Nevanlinna
function on D whose boundary values agree a.e. with those of φ. Furthermore, since g, h ∈
M, g/h is automorphic with respect to the group of covering transformations. Thus there is
a Nevanlinna function R on G such that R◦φ = g/h. Thus, (R◦φ)∗ = (g/h)∗ = φ

∗
= z ◦φ∗.

Thus, R has boundary values z a.e. on ∂G. Hence, G is a generalized quadrature domain.
(b) ⇒ (c). If G is a generalized quadrature domain, then let R be the generalized

Schwarz function. If we set F = R ◦ φ, then F is a Nevanlinna function on D whose
boundary values agree a.e. with those of φ. Hence, the reflection of F , F (1/z), is the
required pseudocontinuation of φ.

(c)⇒ (a). If φ has a pseudocontinuation, then reflecting the continuation across the
circle gives a Nevanlinna function F on D such that the boundary values F agree a.e. with
the boundary values of φ. Hence the boundary values of F are invariant under the covering
transformations. It follows that F is also. Because if g is a covering transformation, then
F ◦ g is a Nevanlinna function with the same boundary values as F . Hence F ◦ g = F on
D. Thus, there is a Nevanlinna function H on G such that F = H ◦ φ. So, by Theorem 4.1,
H is a quotient of bounded analytic functions on G. Hence F is a quotient of two bounded
analytic functions on D, say F = h/k, each of which is invariant under the group of covering
transformations. Thus, h, k ∈ M and on the circle h/k = F = φ. So, φk = h ∈ M. Thus,
by Proposition 2.1, SG ∼= Mφ on M has zero as an eigenvalue for its self-commutator.

EXAMPLE 4.3. There exists a bounded simply connected region G such that the Riemann
map φ : D → G extends smoothly up to ∂D, 0 ∈ σp([S∗G, SG]), and yet [S∗G, SG] has infinite
rank.

Thus, G is a generalized quadrature domain but not a quadrature domain.

Proof. This follows immediately from Theorem 3.8 and Theorem 3.1.

EXAMPLE 4.4. If K is any compact subset of D with logarithmic capacity zero, then
G = D−K is a generalized quadrature domain.

Proof. Let φ be an analytic covering map of D onto G. Since the boundary function of a
bounded analytic function cannot map a set of positive measure into a set of log capacity
zero, we see that a.e. radial limit of φ lies in ∂D. Thus φ is an inner function. But every
inner function has a pseudocontinuation. Namely, the reflection of 1/φ across the circle.
Thus, by Theorem 4.2, G is a generalized quadrature domain.



Remark. Notice that by the remarks preceding Question 3.10 there exists a bounded simply
connected region that is a generalized quadrature domain, but whose Schwarz function has
no poles.

5 Cyclic Operators

The general cyclic subnormal operator has the form Sµ = Mz on P 2(µ), the closure of
the analytic polynomials in L2(µ). In this section we shall investigate irreducible cyclic
subnormal operators Sµ with 0 ∈ σp([S∗µ, Sµ]). The cyclic subnormal operators with finite
rank self-commutator were characterized by Olin, Thomson and Trent [9] and independently
by Xia [14]. Since Thomson’s Theorem [12] appeared, another proof of the characterization
of these operators was given by McCarthy and Yang [6]. We shall state these results so
that they may be compared with the results obtained for cyclic subnormal operators with
0 ∈ σp([S

∗
µ, Sµ]). We shall assume the reader is familiar with Thomson’s Theorem and

analytic bounded point evaluations (abpe), see Conway [4] or Thomson [12].

THEOREM 5.1. If Sµ is an irreducible cyclic subnormal operator, then Sµ has finite rank
self-commutator if and only if G = abpe(µ) is a quadrature domain, the Riemann map of D
onto G is a weak* generator of H∞(D), and µ ≈ ωG +

∑n
k=1 wkδak , where ωG is harmonic

measure for G, wk > 0 and ak ∈ G.

We shall make use of the following nice result allowing one to pull cyclic operators
back to the disk. This is a standard technique in the theory of Hardy spaces, and Thomson’s
Theorem now makes it available for cyclic operators as well.

Let Sµ be an irreducible cyclic subnormal operator. Set G = abpe(µ) and let
φ : D → G be a Riemann map. Also, let ψ : G → D be the inverse of φ. Thomson’s
Theorem implies that the natural extension mapˆ: P 2(µ)∩L∞(µ)→ H∞(G) is a dual algebra
isomorphism. Let˜: H∞(G) → P 2(µ) ∩ L∞(µ) be the inverse of .̂ So, ψ̃ ∈ P 2(µ) ∩ L∞(µ).
Define a measure ν on clD by ν = µ ◦ ψ̃−1.

The following nice result is proven in Olin and Yang [10]. Keep the above notation.

THEOREM 5.2. The operator Sν is irreducible and abpe(ν) = D. Further, the densely
defined map U : P 2(µ)→ P 2(ν) given by U(p) = p ◦ φ̃ for polynomials p, extends to an onto
isometry and U∗φ̃(Sν)U = Sµ.

An equivalent way to state Theorem 5.1 is to pull the operator back to the disk.

THEOREM 5.3. If S is an irreducible cyclic subnormal operator, then S has finite rank
self–commutator if and only if S is unitarily equivalent to r(Sν) where r is a rational function
with poles off clD that is a weak* generator of H∞ and ν = m +

∑n
k=1 wkδak , where m is

Lebesgue measure on the circle, wk > 0 and ak ∈ D.

The idea for cyclic operators with 0 ∈ σp([S∗µ, Sµ]) is that they should have the form
φ(Sν) where abpe(ν) = D, φ has a pseudocontinuation, and ν ≈ m+

∑∞
k=1 wkδak ; where {ak}

is a Blaschke sequence in D.
We now show that in fact, every such operator has a slightly stronger property than

0 ∈ σp([S∗µ, Sµ]). The measure m shall always denote Lebesgue measure on the unit circle.



THEOREM 5.4. If Sν is a pure cyclic subnormal operator such that ν ≈ m+
∑∞

k=1 wkδak ;
where {ak} is a Blaschke sequence in D and φ is any bounded analytic function that has a
pseudocontinuation, then there exists a nonzero bounded function in ker[φ(Sν)

∗, φ(Sν)].

In contrast, notice that Sµ has finite rank self-commutator if and only if there is a
polynomial in ker[S∗µ, Sµ].

Proof. Since φ has a pseudocontinuation, Theorem 3.1 implies that the analytic Toeplitz
operator Tφ onH2 has zero as an eigenvalue for its self-commutator. Hence by Proposition 2.1
we see that ker[T ∗φ , Tφ] is a nonzero invariant subspace for the Unilateral shift. Hence by
Beurling’s Theorem there exists a nonzero bounded function f ∈ ker[T ∗φ , Tφ]. Thus, by

Proposition 2.1 we have that φf ∈ H2. Since both φ and f are bounded, there exists a
bounded analytic function g on D such that φf = g a.e. on ∂D.

Now let B be a Blaschke product with zeros at the points {ak}. It follows that
φfB = gB ν a.e.. Thus, since gB ∈ P 2(ν) (by Thomson’s Theorem), Proposition 2.1
implies that fB is a nonzero bounded function in ker[φ(Sν)

∗, φ(Sν)].

COROLLARY 5.5. If Sµ is an irreducible cyclic subnormal operator such that G = abpe(µ)
is a generalized quadrature domain and µ ≈ ωG+

∑∞
k=1 wkδak ; where {ak} is an H∞(G) zero

set and ωG is harmonic measure for G, then there exists a nonzero bounded function in
ker[S∗µ, Sµ].

Proof. It follows from Theorem 5.2 that Sµ ∼= φ(Sν) where φ : D → G is a Riemann map
and ν is a measure such that Sν is pure, abpe(ν) = D and µ = ν ◦ φ−1. Furthermore, the
unitary is given by composition with φ.

It follows from Theorem 4.2 that φ has a pseudocontinuation. Also because µ =
ν ◦ φ−1 that ν ≈ m +

∑∞
k=1 wkδak ; where {ak} is a Blaschke sequence in D. Thus Theo-

rem 5.4 applies to say that there is a nonzero bounded function in ker[φ(Sν)
∗, φ(Sν)]. Since

the unitary conjugating φ(Sν) to Sµ is given by composition with φ, it preserves bounded
functions. Thus there exists a nonzero bounded function in ker[S∗µ, Sµ].

QUESTION 5.6. Is the converse to Corollary 5.5 true?

The author believe that the converse to Corollary 5.5 is true. We shall present some
partial results illustrating this; although we do not have a full converse at this time.

It will be shown that if there exists a nonzero bounded function in the ker[S∗µ, Sµ],
then G = abpe(µ) is a generalized quadrature domain. However it is unclear if the measure
must have the above form. This involves a curious question about univalent functions with
pseudocontinuations.

THEOREM 5.7. If Sν is a pure cyclic subnormal operator, abpe(ν) = D and φ ∈ P 2(ν)∩
L∞(ν) is such that there exists a nonzero bounded function in ker[φ(Sν)

∗, φ(Sν)], then φ̂ has
a pseudocontinuation.

Since abpe(ν) = D we shall consider φ as both a function in P 2(ν) and in H∞(D).



Proof. If g is a nonzero bounded function in ker[φ(Sν)
∗, φ(Sν)], then by Proposition 2.1, we

have that φg ∈ P 2(ν). So there exists a function h ∈ P 2(ν)∩L∞(ν) such that φg = h ν a.e..
In particular, φg = h ν a.e. on ∂D.

It is known (see Conway [4]) that ν|∂D is absolutely continuous with respect to
Lebesgue measure. However, since Sν is pure and P∞(Sν) = H∞(D) it follows that for every
measurable set E ⊆ ∂D with positive length, either ν(E) > 0 or there exists a subsequence
of supp(ν) ∩ D that clusters non-tangentially at almost every point of E.

Since φg = h a.e. ν and φ, g, and h are all bounded analytic functions on D, we
actually have that φg = h everywhere on supp(ν) ∩ D. By taking non-tangential limits, if
necessary, we have that φg = h a.e. on ∂D with respect to arc length measure. Thus, the
reflection of h/g across the circle is the required pseudocontinuation of φ.

COROLLARY 5.8. If Sµ is an irreducible cyclic subnormal operator and there exists a
nonzero bounded function in ker[S∗µ, Sµ], then G = abpe(µ) is a generalized quadrature do-
main.

We now present a converse to Corollary 5.5 when G is assumed to be a quadrature
domain. Notice in particular that the unit disk is a quadrature domain with Schwarz function
R(z) = 1/z. Hence, Theorem 5.9 applies when G = D.

THEOREM 5.9. If Sµ is a pure cyclic subnormal operator such that G = abpe(µ) is a
quadrature domain, then there exists a nonzero bounded function in ker[S∗µ, Sµ] if and only
if µ ≈ ωG +

∑∞
k=1 wkδak ; where {ak} is an H∞(G) zero set and ωG is harmonic measure for

G.

We shall use the following Lemma from Olin, Thomson and Trent [9]. It was crucial
in characterizing cyclic subnormal operators with finite rank self-commutator. A similar
result was used in McCarthy and Yang [6]. Its proof uses facts about algebraic curves.

LEMMA 5.10. If r is a rational function with poles off clD and is univalent on D, then
the cardinality of {z ∈ D : r(z) = r(1/z)} is finite.

Proof of Theorem 5.9. If µ has the required form, then Corollary 5.5 applies. Now suppose
that there exists a nonzero bounded function in ker[S∗µ, Sµ]. Since G is a quadrature domain,
the Riemann map of D onG is a rational function (see [1]), say r(z). Now Theorem 5.2 implies
that there exists a measure ν on clD such that µ = ν ◦ r−1, Sν is pure, abpe(ν) = D and Sµ
is unitarily equivalent to r(Sν) via composition with r(z). Since there is a nonzero bounded
function in ker[S∗µ, Sµ], we also get a nonzero bounded function in ker[r(Sν)

∗, r(Sν)]. Thus
by Proposition 2.1, there exists a nonzero bounded function f ∈ P 2(ν) such that rf ∈ P 2(ν).
Thus, there exists a bounded function g ∈ P 2(ν) such that rf = g a.e.-ν. Now it is easy to
see that r(z)f̂(z) = ĝ(z) everywhere on supp(ν)∩D. Hence, it follows that Φ = ĝ/f̂ satisfies
that Φ = r a.e.-ν except at the poles of Φ. In particular since both Φ and r are Nevanlinna
functions, arguing as above, we have that Φ = r a.e. on ∂D.

Thus Φ∗ is a pseudocontinuation of r, where the ∗ represents reflection across the
unit circle. However, r is its own pseudocontinuation. Hence r(z) = Φ∗(z) for all z with



|z| > 1. Hence r(1/z) = Φ(z) everywhere on D. But we also have that Φ = r a.e.-ν except
on the poles of Φ.

Hence it follows that supp(ν) ∩ D ⊆ {z : r(z) = r(1/z)} ∪ {z : z is a pole of Φ}.
Since Φ is a Nevanlinna function, and using Lemma 5.10, we see that supp(ν) ∩ D

is a Blaschke sequence; call it {bj}.
Now if we let M = {h ∈ P 2(ν) : ĥ(bj) = 0 for all j }, then M is a closed invariant

subspace for Sν and svsm(Sν |M) is supported on ∂D. Since Sν is pure, we must have that
ν|∂D ≈ m. Hence ν ≈ m+

∑∞
k=1 wkδbk . Since µ = ν ◦ r−1, µ also has the required form.

Observe that the only place we used that G was a quadrature domain was to get
the Riemann map onto G to be a rational function so that we could apply Lemma 5.10.

If we could answer affirmatively the following natural analogue of Lemma 5.10, then
we would have a full converse to Corollary 5.5.

QUESTION 5.11. If φ is a bounded univalent function on D that has a pseudocontinuation
Φ, then is the set {z ∈ D : φ(z) = Φ(1/z)} a Blaschke sequence ?

However “large” the above set can is exactly how “large” the measure µ|G can be.
Also the following basic question remains open.

QUESTION 5.12. If Sµ is an irreducible cyclic subnormal operator and ker[S∗µ, Sµ] 6= (0),
then does there exist a nonzero bounded function in ker[S∗µ, Sµ] ?

It is easy to see that if there exists a Nevanlinna function in ker[S∗µ, Sµ], then there
also exists a bounded function in ker[S∗µ, Sµ]. This relates the previous question to the next
one.

QUESTION 5.13. If Sµ is an irreducible cyclic subnormal operator and ker[S∗µ, Sµ] 6= (0),
then is µ|∂G ≈ ωG, where G = abpe(µ) and ωG is harmonic measure for G ?

As noted above, the next question has an affirmative answer for operators with
finite rank self-commutator.

QUESTION 5.14. If S is an irreducible cyclic subnormal operator and 0 ∈ σp([S
∗, S]),

then does S have a full set of analytic bounded point evaluations ? That is, if φ : D→ G is
a Riemann map, then is φ a weak* generator of H∞(D) ?

We now want to consider some examples of cyclic subnormal operators where the
measure on G is very sparse, yet there is no measure on ∂G.

We shall work on the disk and work with sampling sequences for the Bergman
spaces.

We say that {an} is a sampling sequence for the weighted Bergman space L2
a(D, (1−

|z|2)2α−1dA), α > 0, if the identity map on polynomials extends to give a similarity between
the weighted Bergman operator and Sµ, where µ =

∑∞
n=1 (1− |an|2)2α+1δan . Sampling

sequences always exist for these weighted Bergman spaces and have been characterized by
Seip [11].



If α = 1/2, then Sµ is similar to the Bergman operator. If α > 0, then is [S∗µ, Sµ]
one-to-one ?

Even though the self-commutator of the weighted Bergman operator is one-to-one
(Theorem 2.14), it could still happen that [S∗µ, Sµ] is not one-to-one.

Observe that every sampling sequence is an H∞ dominating sequence. This holds
because Sµ is similar to a weighted Bergman operator, hence must satisfy P∞(µ) ≈ H∞(D).
But for such discrete measures, it is known that P∞(µ) ≈ H∞(D) if and only if the atoms
of µ form a dominating set (see Conway [4], p. 306).

For the first example, we shall take α = 1/2.

EXAMPLE 5.15. If {an} is a sampling sequence for L2
a(D) and µ =

∑∞
n=1 (1− |an|2)2δan,

then [S∗µ, Sµ] is one-to-one.

Proof. If f ∈ P 2(µ) and f ∈ ker[S∗µ, Sµ], then Proposition 2.1 implies that zf ∈ P 2(µ).

Hence, also (1 − |z|2)f ∈ P 2(µ). But since f̂ ∈ L2
a(D), we know that (1 − |z|2)f(z) → 0

as |z| → 1 (because the normalized reproducing kernels go to zero weakly as |z| → 1). So,
(1−|z|2)f ∈ P 2(µ)∩L∞(µ). That is, there is a function g ∈ H∞(D) with (1−|an|2)f(an) =
g(an). Thus, g(an)→ 0 as n→∞. Since {an} is an H∞ dominating set, we must have that
g = 0 identically. Hence f = 0 µ - a.e.. Thus [S∗µ, Sµ] is one-to-one.

The above proof actually works whenever 0 < α ≤ 1/2. For in these cases, the
functions in the weighted Bergman spaces satisfy the growth condition that (1−|z|2)|f(z)| →
0 as |z| → 1. We now prove that [S∗µ, Sµ] is one-to-one whenever α ≤ 1. When α > 1/2, the
functions in the weighted Bergman spaces do not need to satisfy the above growth condition.
Hence a different proof is needed.

EXAMPLE 5.16. If 0 < α ≤ 1, {an} is a sampling sequence for L2
a(D, (1− |z|2)2α−1dA),

and µ =
∑∞

n=1 (1− |an|2)2α+1δan, then [S∗µ, Sµ] is one-to-one.

Proof. If f ∈ ker[S∗µ, Sµ], then (1 − |z|2)f ∈ P 2(µ). Suppose g ∈ P 2(µ) and g(z) = (1 −
|z|2)f(z) µ-a.e.. It follows that f(z) = g(z)

(1−|z|2)
on the sequence {an}. Since α ≤ 1 we have

that 2α− 1 ≤ 1, so

∞∑
n=1

(1− |an|2)|g(an)|2 ≤
∞∑
n=1

(1− |an|2)2α−1|g(an)|2 = ‖f‖2 <∞

.
Now for ε > 0, Let Iε = {ak : |g(ak)| > ε}. By the above inequalities, Iε is a

Blaschke sequence for each ε > 0.
So, if ε = 1, then g is bounded by 1 on {an} − I1. If B(z) is the Blaschke product

with zeros at precisely the points in I1, then Bg is bounded on the sampling sequence {an}.
That is, Bg ∈ P 2(µ) ∩ L∞(µ). So, there exists an h ∈ H∞(D) such that h = Bg on {an}.
Thus we have B(z)f(z) = B(z)g(z)

(1−|z|2)
= h(z)

(1−|z|2)
on the sequence {an} and h is bounded.

So, repeating the argument above, we see that for each ε > 0, the set Jε = {ak :
|h(ak)| > ε} is a Blaschke sequence. However, if one removes a Blaschke sequence from a
dominating sequence, then the new sequence is still dominating.



Thus, {an}−Jε is a dominating sequence, h ∈ H∞, and |h| < ε on {an}−Jε. Hence
‖h‖∞ ≤ ε. Since this holds for each ε > 0, we have that h = 0. Thus, Bf = 0 µ-a.e.. It
follows easily that f = 0 µ-a.e.. Thus [S∗µ, Sµ] is one-to-one.

QUESTION 5.17. If α > 1, {an} is a sampling sequence for L2
a(D, (1− |z|2)2α−1dA), and

µ =
∑∞

n=1 (1− |an|2)2α+1δan, then is [S∗µ, Sµ] one-to-one ?

We finish by showing that if α > 0, then not every part of Sµ has zero as an
eigenvalue for its self-commutator.

EXAMPLE 5.18. If α > 0, {an} is a sampling sequence for L2
a(D, (1− |z|2)2α−1dA), and

µ =
∑∞

n=1 (1− |an|2)2α+1δan, then not every part of Sµ has zero as an eigenvalue for its
self-commutator.

Proof. If every part of Sµ has zero as an eigenvalue for its self-commutator, then by Propo-
sition 2.12 we have that for each integer m > 0, there exists a nonzero function f ∈ P 2(µ)
such that zkf ∈ P 2(µ) for all positive integers k ≤ m. In particular, we have that
(1− |z|2)mf ∈ P 2(µ).

However, one easily checks that (1−|an|2)2α+1|f(an)|2 ≤ ‖f‖2. So, fix anm > 2α+1.
If g ∈ P 2(µ) is such that (1− |z|2)mf = g on {an}, then g ∈ P 2(µ) ∩ L∞(µ) and g(an)→ 0
as n → ∞. Since, {an} is a dominating sequence, we must have g = 0 µ-a.e.. Hence
f = 0, a contradiction. So not every part of Sµ can have zero as an eigenvalue for its
self-commutator.
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